NONEQUALITY OF DIMENSIONS FOR METRIC GROUPS 



OL'GA V. SIPACHEVA 

Abstract. An embeddability criterion for zero-dimensional metrizable topological spaces in zero- 
dimensional metrizable topological groups is given. A space which can be embedded as a closed 
subspace in a zero-dimensional metrizable group but is not strongly zero- dimensional is constructed; 
thereby, an example of a metrizable group with noncoinciding dimensions ind and dim is obtained. 
It is proved that one of Kulesza's zero-dimensional metrizable spaces cannot be embedded in a 
metrizable zero-dimensional group. 



The presence of a topological group structure on a topological space has a strong influence on 
many properties of the space; a classical illustration is the metrizability of any first countable 
topological group. The dimensional properties are no exception. Thus, indG = dimG = IndG 
for any locally compact group G [14] and indG = IndG for any topological group G which is a 
Lindelof S-space [16], while for a general topological space, these three dimensions can be pairwise 
different, even if the space is compact [2]. 

The purpose of this paper is to investigate the dimensional properties of metrizable topological 
groups. The celebrated theorem of Katetov [5] says that dimX = IndX for any metric space X; 
however, there exist examples of metrizable spaces with noncoinciding dimensions ind and dim. The 
first (very involved) example of such a space was constructed by Roy in 1968 [15]. Since then, much 
simpler examples with various additional properties have been suggested (see, e.g., [6-8,11-13]), but 
the question about the coincidence of dimensions for metrizable topological groups has remained 
open (apparently, for the first time, it was stated by Mishchenko in 1964 [10]). 

In the first section of this paper, we prove a criterion for the embeddability of zero-dimensional 
metrizable topological spaces in zero-dimensional metrizable topological groups. This criterion was 
formulated by Mishchenko in [10], but its proof has never been published; Mishchenko himself con- 
fessed to this author in a private communication that he had retained neither notes nor recollections 
of the proof. The spaces embeddable in zero-dimensional topological groups occupy an interme- 
diate position between the zero-dimensional metrizable spaces and the strongly zero-dimensional 
metrizable spaces (a metrizable space X has dimension dim zero if and only if it is metrizable by 
a non-Archimedean metric, and this non-Archimedean metric can be assumed to take only ratio- 
nal values (see [1]). The Graev extension [4] of such a metric to the free group F{X) takes only 
rational values as well; therefore, the group F(X) with the Graev metric has dimension ind zero, 
and it contains X as a subspace). In the second section, we construct a space (this is a special 
case of Mrowka's space ^iuq) which can be embedded as a closed subspace in a zero-dimensional 
metrizable group but is not strongly zero-dimensional; thereby, an example of a metrizable group 
with noncoinciding dimensions ind and dim is obtained. The third section contains an example of 
a zero-dimensional metrizable space which cannot be embedded in a metrizable zero-dimensional 
group. 

1. Spaces Embeddable in Zero-Dimensional Metrizable Groups 
The purpose of this section is to prove the following theorem. 
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Theorem 1.1. A topological space X can he embedded in a metrizable topological group with di- 
mension ind zero if and only if the topology of X is generated by a uniformity which has a countable 
base consisting of open-and-closed sets. 

The "only if" part is obvious: if X is embedded in a group G and clopen sets Un, where n G w, 
form a neighborhood base at the identity in G, tlien the required base of a uniformity on X consists 
of the entourages Un = {{x,y) : xy~^ G C/„ PI U~^}. 

The rest of this section is devoted to the proof of the reverse imphcation. By A{X) we denote 
the free Abclian group generated by X; the letters a, b, u, v, w, x, y, and z always denote elements 
of X, the letters i, j, k, I, m, n, r, s, t, and N denote nonnegative integers, and g and h denote 
elements of the free Abelian group A{X). We use the definition of uniformities and entourages 
given in [1]; in particular, all entourages are assumed to be symmetric. For A,BcXxX,we 
write 

Ao B = {{x, y) e X X X : there exists a z G X for which {x, z) e A and {z, y) G B}. 

If A or B is a one-point set, we omit the braces in the notation of this set and write, e.g., Ao {x,y). 
In particular, {x, y) o (y, z) = (x, z) and (x, y) o (u, z) = if y ^ u. 

If (x,y) = (x = xi,yi) o {yi = a;2,y2) o ••• o = x„,y„ = y), then, obviously, x - y = 

J27=iixi - Vi) in A{X). We write 

n 

x-y = "^{xi - yi) 

i=l 

in this case. 

Lemma 1.1. Let Vq, Vi, ... be (symmetric) elements of a uniformity of a set X such that Vq = 

X X X and Vj+i o Vj+i o Vj+i C Vi for i = 1,2,... , and let Ui = Vj2 for i € to. Suppose that 
{ki, . . . , kn} is a set of positive integers in which each number i occurs at most i times. Then 
^fci oUk^o ■ ■ ■ oUk^ C Uk^-i, where fc* = minj{A:j}. 

Proof. If fc* = 1, then the assertion holds trivially. Suppose that A;* > 1, i.e., all ki are larger 
than 1. Let p be a pseudometric on X such that Vj C {{x^y) : p{x,y) < ^} C Vj-i for any i> 1 
(it exists by Theorem 8.1.10 from [1]). For (x, y) G Uk^ o Uk2 o • • • o ZYfe„, we have 

(X, y) = {x = Zi,Z2) O {Z2, Zs)o---0 {Zn-l,Zn) O {Zn, Zn+1 = v), 

where {zi, Zi+i) G W^. = Vj.2 for i < n. Hence 

■V - 1 X - J V - Z-J \ - 11 1 

p{x,y) <2^^<Z^^<z^ ^-2- < 2^ 2J^-J+i ^ 2^Ffer - 2(fc*-i)'+i' 

Therefore, (x,y) G V{m.vai{ki}—iY = ^min. 

Let X be a topological space whose topology is generated by a uniformity W having a countable 
base {Wn} consisting of clopen sets. Take a sequence Vo,Vi,... of clopen entourages such that 
Vo = X X X,Vi = Wi, and H+i o H+i o H+i C H n W^+i for i = 2, 3, . . . . We set Ui = ^2 for 
i e u. The sequence tl = {Ui} is a base of the uniformity W, and the sets 

k 

W„{U) = U {^{xi - Vi) : {xi.yi) G Un-i} 

form a neighborhood base at zero for some group topology Tu on the free Abelian group A(X) which 
induces the initial topology (generated by the uniformity W) on X. Indeed, it is easy to show that 
2W2n{U) C Wn{U) forn > 1 and that if 5 = Y!l=M-yi) ^ Wn{U), then g+Wn{k+i){U) C Wn{U)- 
in addition, all sets Wn{U) are symmetric and contain the empty word (the zero of the group 
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A{X)), and Wn{tl) fl Wk{U) D Wmax{A;,n}(^)- To See that 7u induces the topology generated by 
the uniformity W with base {Wj} on X, it suffices to note that, for any x € X and n > 1, we have 

(x + Wn(U)) nX = {x + {y-x):y-xe Wn{U)} 

= {y e X : {y,x) e [J{Un.n(^i) o • • • o Un.n{k) ■k>l, vr G Sk}} 
(here Sk is the permutation group on {1, . . . , k}). By Lemma ll.ll 

(x + Wn{U)) nXc{y£X:{y,x)G Un-i}. 

On the other hand, clearly, 

{x + Wn{U)) n X D {y € X : (y, x) G Un}. 

Our immediate goal is to construct a base of the topology Tu on A{X) consisting of open-and- 
closed (in this topology) sets. 

Definition 1.1. For x,y X, we set 

' ^ if a; / y. 



d{x,y) 



if X = y. 



Thus, for X 7^ y, the number d{x,y) is uniquely determined by the conditions (x,y) G U i and 
(x,y) ^ 1 +1- 

d{a;,j;) 

Definition 1.2. Suppose that k ^oj, Xi,yi G X for i <k, and 

5 = ^(xi-yi) G^(X). 

i=l 

We say that the sum (decomposition) Yli=ii^i ~ Vi) satisfies condition (*) if 

d{xi,yj) > inm{d{xi,yi),d{xj,yj)} for any i,j < k. (*) 

Sometimes, when it is clear what decomposition of g is meant, we say the word g itself satisfies 
condition (*) (meaning that condition (*) holds for the decomposition). 

Remark 1.1. Suppose that d(x, y) < d{x,yi) and d{x,y) < d{xi,y) for alH < k. Then ^jL]^(xj— yj) 
satisfies condition (*) if and only if X]i=i(^« ~ Vi) + (^ ~ y) satisfies condition (*). Moreover, if 
Yli=ii^i~yi) satisfies condition (*), then J2ieii^i~yi) satisfies condition (*) for any / C {1, . . . , k}. 

Lemma 1.2. Suppose that 

(1) 9 = Yli=iixi - Vi)-, 

(2) {xi,yi) = {xi = xf\yfV(yf^ = a:^^' yf V • • • « (yf '"^^ = a^f yf =yi), i-e., Xi-yi = 
'E]=MP - y?) for each i < k; 

(3) (xp\yp')) G U^^^u) for all i < k and j < kf, 

i 

(4) if m < k, then n^p = m for at most one pair 

(5) if m > k, then n^p = m for at most m — k + 1 pairs i,j; 

(6) k>l. 

Then g = Yli=i(.^'i ~y'i) ~^ ^" ~ y" > where each of the letters x'i, y' i, x" and y" is contained in one 
of the decompositions from (2) and ^^Zii^'i — y'i) satisfies conditions (2)-(5) with xi replaced by 
x'i, x^p by x'^p , yi by y'^, y^ by y'P , k by k - 1, h by k'-, and by n'^; moreover, 

(7) d{x",y") < d{x",y'P) and d{x",y") < d{x'P,y") for all i < k - 1 and j < k[- 

(8) {x'\y")eUN.k-i. 
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Proof. Take any pair {u,v) for which u G {xi, . . . ,Xk}, v G {vi, ■ ■ ■ ,yk} and d{u,v) is minimal; 
if there exists a pair of the form {xi,yi) with these properties, then let {u,v) be such a pair. By 

condition (4), there exists an i < /c for which minj<fc. n^"'^ > k. Conditions (2)-(5) and Lemma ll. II 
imply that € U^-k-i for this i, i.e., d{xi,yi) < Therefore, d{u,v) < (by 

virtue of minimality), i.e., {u,v) G UN-k-i- If {u^v) = {xi,yi) for some i < k, then the required 
decomposition consists of the term Xi —yi and the sum of all other terms in the initial decomposition 
of the word g; in other words, it suffices to set x' j = xj and y'j = yj for j < i, x'j = Xj+i and 
y'j = yj+i iov j = i, . . . , k — 1, x" = Xi, and y" = yi. The decompositions from (2) remain the same 
for all x'j — y'j . 

li u = Xi, V = yj, and i ^ j, i.e., the function d does not attains its minimum for pairs of the 
form {xr,yr), then d{u,v) < , because, as mentioned above, d{xs,ys) < j^.l^i for some s. 

Therefore, d{u, v) < Without loss of generality, we can assume that i < j. We set x'r = x^ and 
y' r — Vr for r < j such that r ^ i, x'i = Xj, y'^ = yi, x'^ = Xr+i and y'^ = yr+i for r = j, . . . , /c — 1, 
x" = Xi, and y" = yj; in other words, we replace the pairs {xi,yi) and {xj,yj) by {xj,yi) and 
{xi,yj). The fulfillment of condition (7) follows from the choice of the pair {u,v), and (8) holds 
because d{u,v) < ■ 

The decompositions from (2) and numbers of the form n^^ remain the same for the pairs 
{x'r,y'r) = ixr,yr) with r ^ i, which coincide with {xr,yr) or (xr+i,yr+i); for {x'i,y'i) = {xj,yi), 
we set k'^ = ki + kj + 1 and take the decomposition 

'=i ki 

x'i - y'i = Xj -yi = Xj - yj + yj -Xi + Xi-yi= ^{x'f^ - y^p) + (Vj - Xi) + ^(xf - 

r=l s=l 

thus, we set x'f^ = x^^ and y'f^ = for t < kj, x'f'^^^'^ = yj, y'^^^~^^^ = Xi, x'f^ = xf ^\ 
and y' I = yi ^ for t = kj -\- 2, kj + ki + 1. As mentioned above, {u, v) = {yj,Xi) G UN k- 
Therefore, setting n'f^ = n^p for t < kj and n'f'^'^^^ = k and n'f^ = nf for t = kj+2, . . . ,kj + 



3 ^ n-j a,LLKX /I, j — ru aLL^ / c j — '"j lkil v — ^ ^, . . . , nj 

i ) 

only new element in the sum 



ki + 1, we obtain {x'f\y'f'^) G ^,{t) for all t < k'^. The term x'f'^^^^ — y'^''^'^^^ = yj — Xi is the 



fe-l K k-l 

Y,^{x'i'^-y'i'^) = T.(^'r-y'r 



in comparison with the sum 



k 

( Xr 

= 1 s=l r=l 



and we have n'f^^~^^^ = k > k — 1 for this element; the numbers of the form n'^,*^ correspond- 
ing to the other terms are equal to the numbers corresponding to them as terms of the sum 

Ylr=i Ss=i(^^''^ -yr^)- Therefore, Ylr=i(.^'r - y'r) = Z]r=i Ss=i(^'r''^ " ^'r'"'*) Satisfies condition 
(4) with k replaced by A: — 1 and by n''f^; it also satisfies the part of condition (5) (with 
the appropriate replacements) that relates to the number of n'^^^ > k. By condition (4), the 
sum Ylr=i Ss=i(^^'*^ ~ yr'^) contains at most one term for which n^*^ = k. Therefore, the sum 
X]r=i Ss=i(^'r*^ ~ y'r^^) Contains at most two terms for which n'^f^ = k; thus, condition (5) with 
k replaced by A; — 1 and np^ by n''f^ is satisfied fully. Conditions (2) and (3) with the appropriate 
replacements hold by construction. □ 
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Corollary 1.1. If k,n e uj, g = Yli=ii^i - Vi)' o.'^d {xi,yi) G li{n+i)-i for all i < k, then g = 

Yli=i{^i ~ yi)> where {xi,yi) G Un-i for all i < k and the decomposition J2i=i(.^i ~ Vi) satisfies 
condition (*). 

Proof. This assertion is proved by repeatedly applying Lemma ll .21 with = n + 1 to the word g. 
If < 1, then the assertion holds trivially. If k > 1, then we can apply Lemma ll .21 with N = n + 1 
and obtain a decomposition 

g = J2(^\ - y^) + X" - y" 

i=l 

with the properties described in the lemma. We have {x",y") G Ujy k-i C Un-k and, for each 
i < k - 1, x'i - y'i = - v'^f^), where {x''f\y''f^) G l^^^^^y^,u); moreover, if m > k - 1, 

then n / = m for at most m — k + 2 pairs i, j , and if m < k — 1, then n • = m for at most one pair 
We apply Lemma ll.2l first to the sum ^\Zi{^'i ~ y'i)^ then to the obtained decomposition, 
then to the new decomposition, and so on, while possible; in the end (after k — \ steps), we obtain 
a decomposition 

where Sj=i(^'i"'^ ~y'i^) = x — y for some x,y G X and ~y") denotes the sum of the residual 

terms of the form x" — y" obtained at all steps. The pairs of letters in each residual term belongs 
to the entourage Z//Ar.(fc_s+i)„i C Un..{k-s+i)-, where s < fe is the number of the step at which this 
term has appeared (and N = n + \). Moreover, 

= (x~'S'\y'S'^) o . . . o {i'f'^\y'f^^) G U °---°U 

iv -n N-n\ ^ 

and, for m = 1,2, . . . , n'i(j) = m for at most m indices j. Therefore, by Lemma ll. 11 

{x,y)eU . CUN-l=Un. 

— 1 

Condition (7) from lemma ITT^ and Remark 11.11 as well as the fact that no new letters appear in 
repeatedly applying Lemma ll.21 ensure the fulfillment of condition (*). □ 

Lemma 1.3. Suppose that I = {ki, . . . ,ki} is a finite set of different positive integers enumerated 
in increasing order, g = Yli=i(.^i ~ yi)' ^ — X]j=i(^j ~ '^j)' decompositions J2i=i{^i ~ yi) ^'^'^ 
X]j=i('"j satisfy condition (*), {xi,yi) G Uni fori < k, and {uj,Vj) G Uk^ for j < I; suppose 

also that if i,j < k and F = (/i, . . . , fr), F' = (/(, . . . , f'^,) are finite ordered sequences of elements 
of lL){ki + l,ki + 2, . . .} in each of which every element of I occurs at most once and every positive 
integer s > ki occurs at most s times, then 

(1) Uf-^ o • • • o Uf o (xj, yj) o Ufi o ■ ■ ■ oUf , C U 1 and 

(2) Uf^ o • • • o Uf^. o (xj, yj) oUfi o • • • o Ufi ^ n U 1 I ^ = 0. 

Then g + h = Yl^ii^i ~ ^«); where m < k + I, the decomposition Yl^ii^i ~ satisfies condi- 
tion (*), Zi G {xi,...,xk,ui,...,ui}, Wi G {yi,...,yk,vi,...,vi}, {zi,Wi) G Un-i for i < k, and 
{zk+i,Wk+i) G Uk-i fori<m-k (ifm>k). 

Proof. First, note that (2) implies d{xi,yj) > ^ > j- for any i,j < k and s < I. Indeed, 
otherwise, Z^fc,o(xi,yj) 9 {yj,yj); clearly, {yj,yj) £U i , ^ , while bv condition {2),Uk^o{xi,yj)r\ 

lA \ I = (consider F = {ki} and F' = 0). This implies, in particular, that ki > n ■ k. 

We shall prove the lemma by induction on /. If / = (i.e., the word h is empty), then the 
assertion holds trivially. Suppose that / > and the assertion is true for smaller /. Choose 
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h' € {xi, . . . , Xk,ui, . . . , ui} and h" € {yi, . . . ,yk,vi, . . . ,vi} for which d{h' , h") is minimal. Since h 
is nonempty, we have 

(i) d{h',h") < ^ (because d{ui,vi) < ^ and d{h',h") is minimal) and 

(ii) either h' € {ui, . . . , u/} or /i" G {ui, . . . , u/} (this follows from (i) and because, by condition 
(2), d{xi, yj) > ^ for all i,j < k); moreover, we can assume that if h' = m and h" = Vj, then 
i = j; otherwise, we replace the pair h' , h" by the pair Ui,Vi or Uj,Vj for which the value 
of d does not exceed d{h', h") (such a pair exists because the decomposition Yl\^i{ui — Vi) 
satisfies condition (*)). 

If h' = Ui and h" = Vi for some i < I, then we set uj = Uj and vj = vj for j < i, Uj = Uj+i and 
Vj = Vj+i for J = i, — 1, h = Yli=i{^i — Vi) = h — {m — Vi), and / = {ki, . . . , h^i}. Note that 
the conditions of the lemma hold for I, g = Y2i=ii^i ~ Hi)' ^- induction assumption, 

g + h = YllLii^i ~ where fh < k + I — 1, the decomposition YllLii^i ~ '^i) satisfies condition 
(*), Zi G {xi, ...,Xk,ui,.. .,ui-i} = {xi, ... ,Xfc,Mi, ...,«;} \ {nj, Wi G {yi, ...,yk,vi,.. . ,vi-i} = 
{xi, . . . ,Xk,vi,. . . ,vi} \ {vi}, {zi,Wi) G Un-i for i < k, and {zk+i,Wk+i) G Ut-i for i < rh - k (if 
rh > k). By the definition of the pair h' = Ui, h" = Vi and Remark 11.11 the decomposition 
g + h = YliLii^i ~ Wi) + {h' — h") has the required properties (recall that d{h\ h") < ^ < ;^). 

Suppose that h' and h" cannot be chosen among the letters of the form Uj and Vj, i.e., either 
h' = Xi and h" = vj for some i < k and j < I and d{xi,Vj) < d{ur,Vs) for all r,s < I (i.e., 
d{xi,Vj) < ■^) or /i' = Uj and h" = yj for some i < I and j < k and d{ui,yj) < d{ur,Vs) for 
all r,s < I (i.e., d{ui,yj) < ^). For definiteness, suppose that h' = Xi and h" = vj. We have 
{uj,Xi) = {uj,Vj) o (vj,Xi) G Uk^ °l^ki, and conditions (1) and (2) imply d(uj,yr) = d{xi,yr) for all 
r < k. We set Xi = uj, Xg = Xg for s i, and yr = yr for all r < k; thus, the word J2'l=i{^s — Vs) 
differs from X]s=i(^s — Vs) in one letter Xj, and d{xs,yt) = d{xs,yt) for all s,t < k (this means 
that X^5=i(x<i, yi) satisfies condition (*) and {xi,yi) G Un-i for i < k). We also set Ug = Ug and 
Vg = Vs for s < j, Us = Us+i and Vs = Vs+i for s = j, — 1, u; = Xj, and = vj; thus, the 
word X^^=i(us — Vs) is obtained from Yli=ii'^s — Us) by deleting the term Uj — vj and inserting 
ui — vi = xi — vi. Since ui = Xi, vi = Vj, and (i(xj, Wj) is minimal, it follows that d{ui,vi) < d{ui,Vr) 
and d{ui,vi) < d{ur,vi) for all r < I. Therefore, the word X]i=i(^s ~ ^s) satisfies condition (*). 
Indeed, the word h satisfies condition (*); according to Remark II. 11 deleting the term Uj — Vj does 
not violate condition (*); applying Remark 11.11 again with taking into account the minimality of 
d{ui,vi), we conclude that X]s=i('"s — Vs) satisfies condition (*). We set kg = ks for s = 1, . . . , j — 1, 
ks = ks+i for s = j, . . . ,1 — 1, ki = ki + 1, and 

i={h,...,ki} = {I\{kj})U{ki + l}. 

We have {us,Vs) G Uj, for s < I. Finally, ki = ki + 1 and / does not contain kj; therefore, if 
F = (fi, fr) is a finite ordered sequence of elements of the set / U {A;/ + 1, A;/ + 2, . . . } with the 
properties (a) each element from / occurs in F at most once and (b) each element s larger than 
all elements of / occurs at most s times, then the sequences F and (/i, . . . , fr,kj,ki + 1) have the 
same properties with respect to the set /. This observation, conditions (1) and (2) of the lemma 
being proved, and the relations 

{xi,yt) = iuj,yt) = {uj,Vj) o {vj,Xi) o {xi,yt) G Uk^ oUk^+i o {xi,yt) 

and {xs,yt) = ixs,yt) for s ^ i and any t imply that, for any s,t < k and any two finite ordered 
sequences (/i, . . . , fr) and {f f^i) of elements of the set /U {A:; + 1, /c; + 2, . . . } in each of which 
every element of / occurs at most once and every element s > ki occurs at most s times, we have 

(1) Uf, o ■ ■ ■ oUf o (xs,yt) oUfi o • • • o Ufi C U 1 and 

(2) Uf^ o-'-oUf^o {xs,yt) o^/j, o • • • oUf>^^ r\U 1 _ I ^ = 0. 
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Thus, the set / and the words Yl^=ii^s — Vs) and Yli=i{^s — Vs) satisfy the conditions of the lemma. 
Moreover, the set of letters (with signs) of which these words consist coincides with the set of letters 
in the words Yl^=ii^s — Us) and Yli=ii'^s — Vs); therefore, the function d takes minimal value at 
the same pair of letters {h',h") = {xi,Vj) = {uj,Vj). However, these letters form a summand in 
the decomposition ^^^^^(tts — Vs); this situation was considered at the beginning of the proof. As 
there, we delete this summand, apply the induction assumption, and insert the deleted summand 
back; as a result, we obtain a representation g + h = YllLi i^i ~ ^i) + {h' — h"), where fh < /c + / — 1, 
{zi,Wi) £ Un-i for i < k, {zk+i,Wk+i) ^ ^^.j for i < m — A; (if m > A;), and {h',h") € Uj^^. Since 
ki = ki + 1 > ki and ki > ki for all i < / — 1, this representation is as required. □ 

Corollary 1.2. Suppose that g = ^ = X^!=i('"i~^«); decompositions Yli=i(^i~yi) 

I]!=i(^« - f^i) satisfy condition (*), {xi,yi) G Un-i for i < k, {ui,Vi) G K(N+i)-i for i < I, 
N >2n ■ k, and, for any i,j < k, 

(1) Un o [xi,yj) oUn C U 1 and 

(2) Un o {xi,yj) oUnPi U 1 , ^ = 0. 

Then g + h = YllLii'^i ~ ^i); where the decomposition J2iLii^i ~ ^i) satisfies condition (*), Zi G 
{xi, . . . ,Xfc,ni, . . . ,ui}, Wi G {yi, ...,yk,vi,.. .,vi}, and {zi,Wi) G Un-i for i < m. 

Proof. This assertion follows immediately from Lemmas II. II and 11.31 □ 

Lemma 1.4. Suppose that n>2 and 

(1) 'Yll=i{^i ~ ^i) satisfies condition (*); 

(2) Y17=i (-^j+i ~ satisfies condition (*); 

(3) (-Zi+i, Wi) G for all i < n — 1, and the ki are different positive integers larger than 1; 

(4) d{zi,wi) > d{zi,Wi) and d{zn,Wn) > d{zi,Wi) for i = 2, . . . ,n - 2; 

(5) km = m.m{ki, . . . ,kn-i}; 

(6) either (6ieft) d(zi, wi) > d(z„, tt;„) or {Qright) d{zn,Wn) > d{zi,wi) 

{the last condition is included for convenience). Then there exists a one-to-one map 

f: {2, . . . ,n - 1} ^ {ki, . . . \ {k^} 

such that d{zi,Wi) < for i = 2, . . . , n — 1 and d{zn,Wn) < (^/(6ioft) holds) or d{zi,wi) < 

(«/(6right) holds). 

Proof. We prove the lemma by induction. For n = 2, the map / is trivial, and d{wi,Z2) > 
mm{d{wi, zi),d{w2, Z2)} by condition (*). This implies the required assertion, because it follows 
from (3) and (5) that ^(^1,22) > Suppose that n> 2 and the assertion is true for smaller n. 
Let mi, . . . ,mr be the indices (or index) from {2, . . . ,n — 1} for which the numbers d{zm ,Wm ) 
are maximal (and equal to each other). These indices divide the set of all indices into intervals. 
Suppose that m belongs to the sth interval, i.e., ki is minimal for i G {m^, rris + 1, . . . , rus+i — 1}, 
where s = 0, . . . ,r (we assume that tuq = 1 and m^+i = n). Suppose that s > 0; for s = 0, the 
argument is the same except that we must replace the conditions j < s and j > s by j < s and 
j > s (that is, by J = and j > 0), respectively, every time they are encountered. Consider the 

words Zm^-Wm, +Zmj+i-Wmj+i-\ \- Zmj+^-i - Wmj+i-i + Zm^+i - w^^^^ ■ They Satisfy condition 

(*), being subsums of a sum satisfying condition (*), and to these words the induction hypothesis 
applies. Using the left version of the lemma for j < s and the right version for j > s (recall that, 
for s = 0, the condition j < s should be replaced by j = and the condition j > s, by j > 0; in 
the situation under consideration, this means that if s = 0, then the left version should be applied 
to j = and the right version, to j > 0), we obtain one-to-one maps 

fj : {nij + 1,..., nij+i - 1} ^ {km^ , . . . , km^+^-l} \ {kmin-j} 
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such that d{zmj+i, Wmj+i) < /^.(r»/+i)-i for i = 1, . . . , mj+i -mj-l and d{zmj+i , Wmj+^ ) < k~~T 



(if j < s) or d{zmj , ifjmj ) < k^il.^i (if J > s); here fcminj is the least number among kmj , • • • , Ajm^+i-i- 
We set 

/l{2,...,mi-l} = /li /("T-l) = fcmino> 

/I{mi+l,...,m2-l} = /sj /("^2) = ^mini , 
. . . , 

/[{ms-i+lviTis — 1} ~ fi'^s) — ^mins-ii 

/l{nis+l,.--,nis+i-l} — fsi f{nT'S+l) = ^miris+i i 

/l{ms+i+l,...,mi,+2-l} ~ fs+1, /("^s+2) = ) 

. . . , 

f\{mr+l,...,mr+i — l} fr- 

For i < n — 1, we have {wi,Zi+i) € U^^ (by assumption), (zj,u;i) € (by construction), the 

ki are different numbers larger than 1, the f{i) are different numbers of the form kj, f{i) > km for 
all i, and ki > km for i ^ m. By Lemma ll. 11 

{Wi, Wm) = {WI,Z2) o (2:2, -^2) O {W2,Z2,) O ••• O ('U;^.!,^™) O {Zm,Wm) 

G Z^fcl O Z^j(2) O [7fc2 O • • • O O Wj(^) C Uk^ 

and, similarly, 

moreover, by assumption, we have 
Therefore, 

iwi,Zn) G 3ZYfc„ = 3Vfc2^ C Vfc2^_i C V(fc^_i)2 = Uk^-i. 
The word (zi — wi) + (z„ — tt>„) satisfies condition (*), because the word X]r=i(-^« ~ satisfies this 
condition by assumption (see Remark hence d{zn,Wn) < ^^ry (if (6ieft) holds) or d{zi,wi) < 
(if (Gright) holds). □ 

Corollary 1.3. Suppose that, for j < k, YldLii^i^ ~ wf'^) and Yl!iLi^{^i}i ~ '^'i^) ^''"^ words 
satisfying condition (*), xj = z[^\ and yj = Wn^ . Suppose also thatUN ° {xr,ys) °Un C U 1 

d{xr,ya) 

and Un ° {xr,ys) o Un n U 1 , -, = for all r,s < k. Finally, suppose that {z^i!i, '^1''^) ^ 

d{xr.ya) 

for any j < k and i < ni — 1, where the /cp'* are different positive integers larger than N + 2 for 
each j. Then, for any j < k, there exists an n^^ < nj such that d(xr,ys) = d{z {r),w (s)) for all 
r,s < k. 

Proof. Take j < k and consider the word Y^^=i('^i'^^ ~ for convenience, we omit the index j. 

Take some uq < n for which d{znQ,Wno) is maximal among all d{zi,Wi) with 1 < i < n. Suppose 
for definiteness that no < n; if no > n, then the left-to-right argument described below should 
be replaced by a similar right-to-left argument. Let ui > no be the minimum number for which 
d{zn-i^,Wni) is largest among all d{zi,Wi) with i = no + l,...,n, and let mi be such that kmi is 
minimal among all ki with i = no, . . . , ni — 1. Applying Lemma ll. 41 to the word 

we obtain a one-to-one map 

/i: {no + 1, . . . ,ni - 1} ^ }\{kmA 
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and the inequalities 

d{Zn^ , U^ni ) < T— 7 ^nd d{Zn, ,Wn,) < -^J^ 7 

for i = no + 1, • • • , ni — 1. Moreover, by assumption, d{zi^i,Wi) < for i = no,...,ni — 1. 
Therefore, by Lemma ll.H 

iWno,Wni_) = i'Wno,Zno+l) ° {Zno+1, Wna+l) o ■■■ o (2;„^_i , _i ) o o (z^^ , J 

Consider the word 

Zni - Wni + Zni+1 - Wm+l H \- Zn2 - Wn2, 

where n2 > ni is the least number for which d{zn2,'Wn2) is maximal among all d{zi,Wi) with 
i = ni + 1, . . . ,n, and let 7712 be such that km2 is minimal among all ki with i = ni, . . . , 71-2 — 1. 
Arguing as above, we obtain 

In the end, we join the letters and Wn by a chain 

where {wm-ijWm) G Uk,^_-2 for « = 1, • • • ,t and all numbers rrii (and, therefore, /Cmi) are different. 
By assumption, k^m > N + 2 and Wn = y, hence Lemma ll . II implies 

Similarly, 

(x,2;„(,) G Z^AT. 

Thus, we have shown that, for each j < k, there exists an n^^ < nj such that {xj,z (j)) G Un 

"0 

and (w u),yj) G Un- This means that 

"0 "0 

for any r,s < k, which immediately implies the required assertion. □ 

Remark 1.2. In Corollary [121 if zi = , then Uq / 1, and if ZnJ = Wiij , then Hq 7^ nj. 

Lemma 1.5. Suppose that g = ~ ^i) irreducible word] h = Yl\=ii'^i ~ ^i) 

irreducible word satisfying condition (*); Un o [ai,bj) oUn C lA 1 and ZY^r o (ai,bj) olAj^j fl 

U 1 = /or i,j < A;; {ui,Vi) G l^iN+3)-i for i < I; a decomposition g + h = ~ 

ifj) is irreducible and satisfies condition (*); and {zi,Wi) G Z^n-i for i < m. Then there exists a 
decomposition g = Yli=ii^i ~ Hi) satisfying (*) in which {xi,yi) G Un-i for i < k. 

Proof. The decomposition g+h = Y17^iizi—Wi) is obtained from Yli=i{0'i—bi)+Y^\^i{ui—Vi) = g+h 
by canceling pairs of equal letters with opposite signs. We assume that the cancellations are 
fixed and each letter in this decomposition remembers to which word {g or h) it belonged before 
cancellation and which position in this word it occupied. In other words, when we say, e.g., that zi 
is a letter from g, this does not merely means that Zi equals some letter Oj] this means also that 
some letter Oj from the word g has not been canceled in Yl\=i{ai — h) + Yli=ii^i ~ ^i) (while some 
other letter equal to Oj might have been canceled) and has become the letter Zj. Possibly, some 
other letter Zj. also equals Oj, but z^ is not Oj, because Oj is Zi] this letter Zr is some other letter o^, 
or even a letter from h. To emphasize that, considering letters of g + h = "Yl^iizi — Wi), we mean 
letters together with their origins, we use the sign = instead of =; thus, in the above example, 
Zi = Oj but Zj. ^ Oj (although Zr = aj). 
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Take any letter xi included in the word g with coefficient 1 (e.g., xi = oi). Our immediate goal 
is to define a letter yi. For this purpose, we shall construct a chain of letters of the forms Zi = Vj 
and Wi = Uj until we reach a letter from g; this letter will be yi. 

Link 1. If xi is not canceled in the word g+h, then xi = Zi^ for some ii < m. If the corresponding 
letter —Wi-^ is a letter from g, then we set yi = Wi-^; otherwise (i.e., if this is a letter from h), we 
have Wi-^ = Vj^ for some ji < I. If the letter xi is canceled in the word g + h, then it is canceled by 
a letter from h (because g is irreducible), i.e., by —Vj^ for some ji < /. We have either found yi or 
defined vj^ and (possibly) Wi-^ = vj^ and Zj^ . 

Link 2. If the letter Uj^ corresponding to the Vj^ found at the preceding step is not canceled in 
the word g + h, then Uj-^ = for some 12 < m. If the corresponding —Wi^ is a letter from g, then 
we set yi = Wi^; otherwise, we have Wi^ = vj^ for some j2 <l- If the letter Uj^ is canceled in the 
word g + h, then it is necessarily canceled by a letter ba from g, and we take this letter for yi; then 
yi = ba = Uj^ . We have either found yi or defined Zi^ = uj-^ and Wi^ = Vj^ . 

Continuing, we obtain yi in the end. 

Applying this procedure to all letters of g with positive coefficients in turn, we obtain a parti- 
tioning of the letters of g into pairs Xs,ys together with chains of letters 

where z^^^^-, = Zjj(s) (if Xs is not canceled in g + h; in this case, w'.^^^-^ = Wii(s)) or z'.^^^^ = Vj^f^^) (if 
Xs is canceled by -^^^(s)), z'.^^^^ = Zi^(^) = nj^(^) and w'.^^^-^ = Wi^(^s) = ^'jt(s) for t = 2, . . . , - 1, 
4rAs\ = ™^ = or 'u;^^^(,) = 6a = for some a,. The sets {ia{s)} 

are disjoint for different s. The sums X]t=i('2it(s) ~ '^it{s)) satisfy the conditions of Corollary EHl 
Indeed, these sums satisfy condition (*), because their terms are divided into the pairs z'-^^^s^ — w'-^^^y 
which belong to a decomposition g + h satisfying condition (*). The first and last pairs may 
differ from the corresponding terms of the decomposition of g + h, but they equal zero (the empty 
word) in this case; i.e., either z'.^^^^^ = z^^^g) and w[^i^^^ = 'Wi^(s) or z'.^^^-^ = w[^^^y and either 
4r,{s) = ^irs(s) w'i^^f^s-) = ""^v, (s) Or "iw -^^ = 4r,{sy couditiou (*) is not violated. The sums 
T,t=i\4t+iis) - K{s)) satisfy condition (*), because each pair z^^^^^^ - w'-^^^^-^ = Uj^(^,) - Vj^^s) 
is contained in a decomposition of h satisfying condition (*). Moreover, by assumption, we have 
(^it+i{s)^'^it{s)) = (^Ms),Vj,(s)) G U(^N+3yjtis), and the {N + 3) ■ jt{s) are different numbers larger 

than + 2. Finally, since all x,. and ys are letters of the word g = ^(Li(fli ~ h), it follows from 
the conditions of the lemma being proved that the remaining condition of Corollary EHl holds too; 
namely, Un o [xr, ys) o Un C U 1 and Un ° {xriUs) ° H U 1 , = for all r,s<k. 

d(xr,ys) d{xr,ys) 

Therefore, for all s, there exist n^f^ € Htis) : t = l,...,rs} such that d(xr,yt) = diz' ,^),w' u.) 

"0 "0 

for any r,t < k, and the numbers rao(s) are different for different s (because the sets {itis) : t = 
l,...,rs} are disjoint). By Remark no(s) / ii{s) if z'.^^,,^ ^ Zi^(^,,) or w[^^^^ ^ Wi^(^s) (i-e., 
4,is) = and no{s) + i,,(s) if z^'^^(^) / or w\^^^^^^ + w^^^f^s) (i-e., = wl^(s))- Thus, 

we have d{xr,yt) = d{z {r),w {*)) for r,t < k. Since the sum J27Li{^i ~ ^«) satisfies condition 

rig riQ 

(*), it follows that the sum Ylt=i(-^ <*) ~ w) also satisfies condition (*) (see Remark ll.ip : hence 

"0 "0 

g = Yl'l=ii^s — Us) satisfies condition (*). Finally, it follows from d{xi,yi) = d{z (i),w (,)) that 

rig "0 

{xi,yi) € ^ for i < k. Since all tiq^ are different, we can assume that each {xi,yi) belongs to 
Ui-n (otherwise, we renumber the terms Xi — yi and recall that Ur D Us for r < s). □ 

All is ready for the proof of the last assertion, from which Theorem 1 follows immediately. 
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Recall that, at the beginning of the paper, we defined the sets Wn(U), which form a neighborhood 
base at zero for a (metrizable) group topology Tu on A{X). We set 

k 

W:{U) = [j - Vi) ■■ {xi,yi) G Un.u 

k^u) i=l 

k 

the decomposition ^^(ic, — r/i) satisfies condition (*)}. 

i=l 

Claim 1.1. (i) W*{U) C Wn{U) for all n; 

(ii) Wn+i{U)cW*{U)foraUn; 

(iii) for any n G w and any g G W*{14), there exists an uq £ u; for which g + VK„q(W) C W*{JA)] 

(iv) for any k,n £ to and any word g = X]f=i(^i ~ ^i)' there exists an uq £ lo such that the 
condition g + W*^{U) H W*{U) 7^ implies g £ W*{U). 

Proof. Assertion (i) is obvious; (ii) is Corollary 11.11 Assertion (iii) follows from Corollary 11.21 
Indeed, suppose that g = X]i=i(3^« ~ the decomposition X^^=i(xj — yi) satisfies condition (*), 
and {xi,yi) G Un i for i < k. We can assume that Xi / y^ for i < k, because if Xj = yj for some 
j, then we can delete the term xj — yj from the sum Y2i=i(.^i ~ Vi)'-: i-^-j ^^^^ x'^ = xi and 
y'i = Vi for i < j and x'- = Xi+i and y'- = yi+i for z = j, . . . , A; - 1; we have g = YnZliA - y'i), 
the decomposition ^^iZiix'^ — y[) satisfies condition (*) (see Remark |l.l|) . and {x'^,y[) G Un-i for 
i < k — 1 (for i > j, we have {x[.,y[) G Uni+i C Un-i)- Thus, suppose that x-i ^ y^; in this case, 
the decomposition Yli=ii^i ~ Vi) irreducible (i.e., Xi / yj for any i,j < k), because it satisfies 
(*). Since all Ur are clopen and form a base for a uniformity generating the initial (completely 
regular) topology on X, we can find N for which the conditions of Corollarv 11.21 hold: after that, 
it remains to set no = + 2: ii h € Wn+2{'^), then h G W]\f+i(U) (see (ii)) and, by Corollarv ll.21 
g + h £ W*{U.). Assertion (iv) is derived from Lemma ll. 51 in a similar way (no = + 4). □ 

It follows from (i)-(iii) that the sets W*(TU) are open in the topology Tu and form a neighborhood 
base at zero for this topology; (iv) says that each W*{Li) is closed in Tu- 

Remark 1.3. Let p be a metric on X such that Ui C {(x, y) : p{x^ y) < C Ui^i for any i > 1 (it 
exists by Theorem 8.1.10 from [1]). Then the topology on A{X) generated by the Graev extension 
of p is no stronger than Tu. Indeed, if 5 G Wn{U), then g = X^j=i(a^i — yi), where {xi,yi) G Un-i 
for i < k, and Yli=i Pi^i ~ Hi) — Yli=i 2^ ^ 2^' Since the Graev norm \\g\\p of the element g is 
defined as min|^™-^ p{ui,Vi) : m > 1, g = Yl^ii'^i '^^ have \\g\\p < Thus, each Graev 

ball of radius centered at zero contains some base neighborhood Wn{Vl) of zero in the topology 
Tu. Since the space X is closed in the free group with the Graev topology, it is also closed in the 
free group with the topology Tu. 

2. A Metrizable Group with Noncoinciding Dimensions 

We denote the Cantor set 2^ by C. The elements of C are infinite sequences of zeros and ones. 
The topology of C has a standard base, which is a tree under inclusion; the nth-level elements of 
this tree are sets of sequences whose first n members coincide; different elements of the same level 
do not intersect. Clearly, all base neighborhoods of the same point of C are comparable, and larger 
neighborhoods belong to levels with smaller numbers. We denote the elements of the Cantor set 
C itself by the letters x, y, z, . . . and the infinite sequences of such elements (i.e., the elements of 
the set C^) by the same letters in boldface: x, y, z, . . . ; we denote the value of a sequence x at 
n by x{n). The restriction of a sequence x G C to {0, . . . , n — 1} (i.e., the ordered set of the first 
n elements of this sequence) is denoted by x\n. Thus, the nth-level elements of the base-tree have 
the form {y £ C : y\n+i = 2^|n+i} for x £ C. 
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By I we denote the usual interval [0, 1]. Let tel. l^t = {2k + l)/2"' for some positive integers 
k and n, then we define the order t as ordt = n. We assume that ordO = ord 1=0. For all other 

numbers t G [0, 1], we set ordt = oo. 

For n € Lo, we define the neighborhood In(t) of a number t G (0, 1) to be the interval In{t) = 
(a„(t), 6„(t)), where a„(t) and bn{t) are the dyadic rationals of minimal order for which 6„(t) — 
a„(t) = 1/2" and t G ^n(t)); we set /„(0) = [0,l/2"+i) and /n(l) = (1 - l/2"+^l]. Thus, 

if < ordt < n, i.e., t = k/2"' for some (possibly, even) k, then a„(t) = (2fe — l)/2"'+^ and 
6„(t) = (2A; + l)/2"+i (and hence ord o„(t) = ord6„(t) = ra + 1), and if ordt > n, then o„(t) = k/2"- 
and 6n(i) = (A;+ 1)/2" for some k (and hence the order of one of the numbers a„(t) and bn{t) equals 
n and the order of the other is strictly less than n). 

Let AcC. We set 

i^HoiA) = {ix,t) gC^ X I : x{n) G ^ for n / ordt, x{n) G C \ ^4 forn = ordt} 
and endow v^q{A) with the topology generated by the sets of the form 

{(?/) s) € '^Mo(^) '■ s G /n(t), y(i) = aj(i) for i < n} if n < ordt, 

Un{x,t) = ^ {{y,s) G i^HoiA) : s G /„(t); y(i) = x{i) ior i <n + l, i ^ ordt; 

y(i)|„_l_i = x{i)\n+i for i = ordt} if ordt < n. 

According to Mrowka [12], the space i/nolA) is mctrizablc and mdiyfiQ{A) = 0; moreover, if A is 
everywhere dense in C and the set C \ A is of second category, then dimz///o(^) > 0. 

The projection 7r(z//xo(^)) of the set z//xo(^) C C"^ x / on the first factor consists of all sequences 
X G C"^ each of which takes at most one value not in A. 

For A we take the set a2^ of binary sequences with only finitely many elements different from 
0. For each nonzero x E A, we define its length lenx to be the number of the last nonzero term of 
the sequence x; we set lenO = (thus, lenOlOO • • • = 2). 

For X G 7r(z//xo(A)) and n,i E u, we fix a maximal base neighborhood J^ix) of x{i) of level > n 
such that 

(1) if x{j) G A for all j < n, then the lengths of all elements of the intersection J^ix) fl A 
(except, possibly, the point x{i) itself) are larger than all lengths lena;(j) for j < n; 

(2) if x{j) ^ A for some j < n, then the lengths of all elements of the intersection J^ix) fl A 
(except, possibly, the point x{i) itself) are larger than the lengths len£c(j) for all j < n + 1 
such that x{j) e A. 

Since all sets of the form J^ix) are elements of the base-tree, it follows that, for any x,y E 
7r(z//io(^)) and any n,k,i,j G u, either the sets Jn{x) and Jl{y) are disjoint or one of them is 
contained in the other. 

For {x,t) G uiJ.o{A), we set 

{{y,s) G i^HoiA) : s G Init), y{i) = x{i) for i < n, y{n + 1) G J^+^(cc)} if ra < ordt, 
Vn{x,t) = < {(y, s) G i^Mo(^) : s G /n(t); y{i) = x{i) for i < n + 1, i ^ ordt; 

y{i) G Jn{x) for i = ordt} if ordt < n. 

Clearly, the sets of the form Vn{x,t) constitute a base for the topology of ufiQ^A). 

Remark 2.1. Suppose that {x,t),{y,s) G i'iJ,o{A), n,n' G oo, and In'{s) n {r G [0,1] : ordr < 
n + 1, r s} = (this implies, in particular, that n' > n). Then one of following four cases 
occurs: 

(i) {y,s) G Vnix,ty, 

(ii) Vn'{y,s)nVn{x,t) = 0; 

(iii) s G /n(t), ord s, ordt > n, y{i) = x{i) for all i < n, and x{n + 1) G J^/^^(y); moreover, in 
this case , Vn{x,t) C Vniy,s); 

(iv) s G In{t) \ Init) = {o-nit) ^bnit)} and y{i) = x{i) for alH < n such that i ^ ordt, ord s. 
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Indeed, if s ^ In{t), then /„/(s)n7„(t) = and V„i{y, s)riVn{x,t) = 0, i.e., condition (ii) holds. 

If s € In{t), ords < n (this can happen only if s = t), and y{i) ^ x{i) for some i < n + 1 such 
that i ^ ordt, then (ii) holds. 

If s € In{t)-, ords = k < n (then s = t), and y{i) = x(i) for all i < n + 1 such that i ^ 
then either (a) y{k) G J^(a;) (and then (i) holds), (b) J^/iy) H Jj^(a;) = (and then (h) holds), or 
(c) J^/iy) D J^(a;) and y(A;) ^ Jn{x). In case (c), J^/iy) is a base neighborhood of the point ic(fc), 
its level is at least n' > n, and the lengths of all elements of the intersection J^/{y) H A are larger 
than the length lena;(j) = leny(j) for all j < n + 1 such that x{j) = y{j) G A (the points x{k) 
and y{k) themselves do not belong to A). This contradicts the maximality of the neighborhood 
J^ix). 

Suppose that s G In{t), ords > n, and ordt = k < n. Then y{k) G A, x{k) ^ A, and x{n+ 1) G 
A. If (ii) does not hold, then there exists a (z, h) G Vn'{y, s)riVn{x, t). By the definition of Vn'{y, s) 
and V^(a;,t), we have z{i) = y(i) = a3(i) for all i < n different from k, z{k) = y{k) G J^{x), and 
z{n + 1) = iE(n + 1) G J'^^'^iy)- We have A; < n, ic(A;) ^ A, ?/(/c) ^ x{k) (because y{k) G A), and 
a3(n + 1) G ^; thus, it follows from y{k) G J^i^) that leny(A;) > lena;(i) for alH < n + 1 different 
from k (in particular, leny(A;) > lena;(n + l)). The inclusion z(n + l) = x{n + l) G J^^^iy) implies 
that either lena;(n + 1) > leny(i) for all i < n or x[n + 1) = y{n + 1). The former inequality 
cannot hold, because len a;(n + 1) < leny(A;); hence x[n + 1) = y{n + 1). Thus, y{i) = x{i) for 
2 < n + 1, i 7^ fe, and y{k) G J^{x). This means that (i) holds. 

If s G In{t), ords > n, ordt > n, and y{i) ^ x{i) for some i <n, then (ii) holds. 

If s G Init), ords > n, ordt > n and y(z) = x{i) for all i < n, then either (a) y{n+ 1) G J^~^^{x) 
(and hence (i) holds), (b) J^,+^(y) n J^+^a^) = (then (ii) holds), or (c) ^^,+^2/) =5 -^^n^^a:) (i.e., 
(iii) holds). The inclusion Vn{x, t) C Vn{y, s) follows from the obvious inclusion J^'^^{y) C J"^^(y) 
(which is an immediate consequence of n' > n). 

If s G In{t) \ In{t) and y{i) ^ x{i) for some i <n such that i ^ ordt, ords, then (ii) holds. 

Claim 2.1. For any n ^ to, the set 

= [J{Vn{x,t) X Vn{x,t) : {x,t) G V llo{A)} 

has empty boundary. 

Proof. Suppose that {y,s),{z,r) G vfiQ{A)., and n G w. Take n' £ u; such that 

/„/ (s) n {t G [0, 1] : ord t < n + 1, t / s} = 0, 

In'{r) n {t G [0,1] : ordt < n + l,t / r} = 0, 
and if y{i) ^ z{i) for i < n + 1, then 

j;,(y)n4,(;^) = 0. 

Suppose that Vn'{y,s) x Vni{z,r) n Un but ((y, s), (z, r)) ^ Un. This means that there 
exist {x,t) G z^/io(-4), (y',s') G Vn'{y,s), and (z',r') G I4'(z,r) such that (y', s') G Vnix,t), 
{z',r') G 14 (a;, i), and either (y, s) ^ V„(a;,i) or (z,r) ^ y„(a;,t). For definiteness, suppose that 
{y,s) ^ 14 (a;, t). Then (iii) or (iv) from E,emark l2 . 1 1 holds . Suppose that (iv) holds. There are the 
following possibilities: 

(1) ordt = k < n. In this case, ords = n + 1 and y{i) = y'{i) G A for i < n. Moreover, 
y'{n + 1) = x{n + 1) e A and y'{k) G Jn{x) (because {y',s') G Vn{x,t)). Therefore, 
leny'{k) > lena;(j) for all j < n + 1 different from k (in particular, leny'{k) > lena;(n + l)). 
On the other hand, y'{n+l) G J^/^^(y) (because {y',s') G Vn'{y,s)) andy'(n+l) / y{n+l) 
(because ord s = n + 1 and, therefore, y{n + 1) ^ A). Hence leny'(n + 1) = len a;(n + 1) > 
len y{k) = len y'(k). This is impossible. 

(2) ordt > n. In this case, ords = k < n. Suppose that r ^ s. If r ^ Init), then /„/(r)n/„(t) = 
and Vn' {z , r) nVn{x , t) = 0, which contradicts the assumption. Therefore, r G In(t), and 
ordr 7^ ords = k (the endpoints of the interval Init) are of different orders, and all interior 
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points of this interval have orders larger than n). Thus, y{k) £ C \A, whereas z{k) E A. 
The number n' was chosen so that J^'iv) H Jni{z) = 0; in particular, z{k) ^ J^,{y). 
Since {y',s') G Vni{y,s), {z',r') G Vn'{z,r), and, moreover, ords = k, ordr / k, and 
k <n,it follows that y'(A;) G J^,(y) and 2'(A:) = z{k) ^ J^,{y). Therefore, y'{k) / z'{k), 
and at least one of these numbers is not equal to x{k), i.e., at least one of the pairs 
{y',s') and {z',r') does not belong to the set Vn{x,t), which contradicts the definition of 
these pairs. Hence r = s. The same argument shows that y{i) = z{i) for all i < n: if 
y{i) 7^ z{i), then at least one of the numbers y'{i) and z'{i) is not equal to x{i), and the 
corresponding pair does not belong to Vn{x,t). Since {y',s') G Vn{x,t) and ordt > n, 
we have y'{i) = x{i) for all i < n; since {y',s') G Vn'{y,s) and ords = k < n, we have 
^ A and = a;(A:) G Jn'{y,k). Therefore, lena;(A;) > leny(i) for all i < n + 1 

different from k (in particular, lena;(A;) > leny(?7- + 1)). Since {y',s') G Vn{x,t), we have 
y'(n + l) G J^'^'^{x). Therefore, either leny'(n + l) > lena;(A;) or y'{n + l) = x{n + l). On 
the other hand, {y', s') G Vn'{y, s) and ords = k < n, whence y'{n + 1) = y{n + 1). Thus, 
the inequality leny'{n + 1) > lena;(A;) cannot hold; hence y{n + 1) = y'{n + 1) = x{n + 1). 
Similarly, z{n + 1) = x{n + 1). Thus, s = r and y{i) = z[i) for i < n + 1; therefore, 
{z, r) G Vn{y, s), i.e., ((y, s), {z, r)) G Un- 
Now, suppose that condition (iii) from Remark 12.11 holds. If {z,r) G Vn{x,t), then {z,r) G 
Vn{y,s) and ((y, s), (z, r)) G Z^n- Suppose that {z,r) ^ Vnix,t). Since Vn'{z,r) riVn{x,t) ^ 0, 
it follows that one of conditions (iii) and (iv) with z instead of y and r instead of s holds. The 
case in which (iv) holds has just been considered. Suppose that (iii) holds. We have s,r G Init); 
ords,ordr, ordt > n; y{i) = z{i) = x{i) for alH < n (because {x^t) G Vn{x,t), Vn{x,t) C Vn{y-,s) 
by condition (iii) for {x,t) and (y, s), and Vn{x,t) C Vn{z,r) by condition (iii) for {x,t) and (z,r)); 
a;(n+l) G J^^+H^); and a^(n+l) G J^J^H^)- Therefore, J^+i(y) C J^+^z) or Jl^+\z) C J:,+^(y). 
For definiteness, suppose that J^^^'^iy) C J^^^iz). Then 2/(n+l) G J'^/^^^) C J^+H^)- ^ remains 
to note that Inir) = In{i) (because ordt > n and r G In{t))- This immediately implies s G /«(?") 
and (y,s) G Vn{z,r), i.e., ((y,s), (z,r)) G Z//n- This contradiction completes the proof. □ 

It follows immediately from Claim [2T] and Theorem ll.ll that the space iy'fiQ{A) can be embedded in 
a metrizable topological group G with indG = 0; moreover, i//io(^) is closed in G (see Remark 
Since dimz///o(^) > and the group G is metrizable, we have dimG > 0. Thus, we have obtained 
an example of a metrizable group with noncoinciding dimensions ind and dim. 

3. A Zero-Dimensional Metrizable Space Which is not Embedded 
IN A Zero-Dimensional Metrizable Group 

In this section, by a sequence we mean a map from an at most countable ordinal to some set 
and consider only sequences with values in loi. We identify all sequences with ordered sets of their 
values and write them in the form of (finite or infinite) words. As in the preceding section, we 
denote sequences by boldface Latin letters, but their elements we denote by the same letters with 
subscript-numbers. Thus, the symbol always denotes the element number n in the sequence 
a: ttn = a{n). The word whose letters are sequences (all but the last must be finite) denotes 
the concatenation of these sequences. For example, if a = ooai . . . fln and b = bobi . . . , then 
ab = oooi . . . ttnbobi .... 

If a is a sequence of length > n, then 

a\n = aoai . . . a„_i 
(recall that we assume that a = aofli • • • )i *^lo = 0- For m < n, 

I TTl J I TTL 

a\ = amdm+i ■ ■ ■ ana a|„ =am---an-i- 
For a set A of sequences of length > n, we put 

A\n = {a\n :a£A}, = {a|"^ : a £ A}, 
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and 

A\^ = {a|- : a G A}. 

If ^ is a set of finite sequences, c is a finite sequence, is a set of sequences, and d is a sequence, 
then 

c5 = {c6 : 6 e B], AB = {ah : a e A, be B}, 

and 

Ad = {ad : a e A}. 

Let L be the set of all limit ordinals smaller than uji, and let S = uji\ L. We have coi = 
u U Ufeea;(-^ + where L + k = {a + k: ae L}. 
Kulesza's space Z c 0;^^ is defined as 

Z = {a = aoai ■ ■ ■ G Ui : ao £ lji \ L, ak € L ior at most one k E u, 

and if G L, then a^+i = + A; and ak+i € L + A; for alH > 2}. 

Kulesza proved that the space Z with the topology induced by the topological product of 
countably many copies of the space ivi with the usual order topology is metrizable and IndZ = 
dimZ = 1 (while, obviously, indZ = 0) [6]. 

Kulesza did not give an explicit formula for a metric on Z, but he described base neighborhoods 
of the points of Z. They look as follows. 

For each limit ordinal a G cji , we fix an increasing sequence agai ... in wi with limit a and put 
Mn{a) = {an, a]. 

Let m e LO. If a sequence a e Z is such that a\m £ 5"^, then we set 

Nm{a) = {be Z :b\m = a\m}. 

If 1 < k < m and G L, then 

Nra{a) = {beZ:b\k = a\k, b\';+'^ = a\';+\ hu G M„(afe)}. 
The sets Nm{o,) form a neighborhood base at the point a in the space Z. 

To prove the inequality dim Z > 0, Kulesza used the notion of full sets introduced by Fleissner 
in [3]. 

Definition 3.1 ( [3]). A set T C is said to be full if {bj : b eT, b\j = a\j} is uncountable for 
any a eT and j < n (in particular, T\i is uncountable). 

We say that a set T C ujf is full if T|„ is full for all n G 

We need the following two combinatorial properties of full sets. 

Lemma 3.1 ( [3, Lemma 6.4(b)]). // a set T C is full and h: T ^ u, then T contains a full 
subset on which h is constant. 

Lemma 3.2. // a set T Ctof is full and {Cm : m € lo} is a family of sets such that Cm C T\m for 
m e u and, for any a eT, there exists an n E lo for which a|„ G C„, then Cf contains a full set (a 
subset ofT\t C uj\) for some t E u. 

Proof. This lemma is similar to Lemma 6.4(a) from [3]. In [3], the role of T is played by uf. There 
exists a natural bijection 

^- [^1]-"^ U ^1- 

n<ui 

It is constructed as follows. For all n G a; and x G r|„, we fix bijections (px - ^^i ^ {y '■ xy E T\n+i} 
and put 

■0(0001 . . . ) = </f(ao)</'<^(ao)("l)</^¥'(ao)¥>^(„o){ai)(a2) • ■ • 
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for any (finite or infinite) sequence a^ai • • • € [wi]-"^. The map i/j respects restrictions in the sense 
that if a,(3 £ [wi]-" and a\n = /3|„, then 'ip{a)\n = ^p{P)\n', moreover, V'('^i) = ^U- The family 
{Tp~^{Cm) : m £ Lo} has the properties 

ip'^iCm) C ujf\m for all m G a; 

and 

for any a G ujf , there exists an n G a; such that q|„ G ^l^~^{Cn)■ 

According to [3, Lemma 6.4(a)], there exists at £ u for which ip~^{Ct) contains a full set. For this 
t, Ct contains a full set. □ 

Levin [9] suggested a simple short proof of the inequality dimZ > based on the notion of 
regular sets. We need the following modification of this notion. 

Definition 3.2. Let U C Z x Z he any set containing the diagonal. We say that a pair of sequences 
(x, y) G X is U -regular (or simply regular, when it is clear what set U is meant) if there 
exists a map {regulator) f : {[S]^^)"^ uJi such that {xa, yb) G U whenever the sequences a,b £ 
satisfy the condition ai,bi > f{a\i,b\i) for alH G a; (in particular, ao,6o > fi^))- 

Let U be an arbitrary subset Z x Z containing the diagonal. For a £ Z, we put 

U{a) = {be Z : {a,b) £ U}. 

The set C/^ is defined standardly as 

U"^ = {{a,b) : there exists a c £ Z such that (a, c) £ U and (c, b) £U}. 

Thus, 

U'^{a) = {b £ Z : there exists a c £ Z such that (a, c) £ U and (c, b) £ U}. 

Suppose that {[/„ : n G is a countable base for a uniformity on Z generating the topology of 
the space Z. For each a G S''^ C fix rua > 2 for which U^^{a) C N2{a). For k £ lo, we set 

Ck = {a\k ■.a£S'^, ma< k, N2{a) D Ulja) D C/„„(a) D iVfc(a)}. 

Clearly, for any sequence a £ Z, there exists a k > rua for which Nk(a) C Umaio.) (because the 
sets UruaiO') are open and the Nk{a) form a base for the topology of Z at the point a). Hence, for 
any sequence a £ , there exists a k for which a|fc G C^. By Lemma [3. 21 there exists a t such that 
Ct contains a full set (clearly, t >2, because the sets are empty for k < 2). Using Lemma l3.ll 
we choose a number m £ to and a full set T C Ct such that min{ma : a\t = uq . . . at-i} = m for 
any qq . . . at-i £ T; note that m < t by the definition of Ct- We put U = Um- Our purpose is to 
show that U ^ U. Suppose that U = U. 

Remark 3.1. For any x £ Z such that x\t £ T, we have U{x) C N2{x). Indeed, by the definition 
of T, there exists an a G 5'^ for which a\t = x\t, N2{a) D U^^{a) D Uma{o) ^ ^t{o), and 
= m <t (i.e., = U). Since x\t = a\t £ 5*, we have x £ Nt{a). Therefore, x £ U{a), and 
U{x) C C/2(a) C N2ia). Since i > m > 2 and = a|t(G 5*), it follows that A^2(a) = N2ix); thus, 
[/(a;) c iV2(a;). 

Remark 3.2. The pair {x,x) is not fZ-regular for any x £ Ct\i- Indeed, suppose that x £ Ct\i, 
the pair {x,x) is regular, and /: ([5']'^'^)^ — > ioi is the corresponding regulator. Since the set Ct is 
full, we can find ai , 02 , . . . , 61 , 62 , • ' ' £ S such that 

ai / 61, xaia2 . . . at-i,xbib2 ■ ■ ■ h-i £ Ct, 
ai,bi>f{0), and Oj+i, > /(ai . . . Cj, &i . . . ftj) for alH > 1. 

Let ao = 60 = 2;. We have a\t, b\t £ Ct- According to Remark l3. 11 U{a) C N2{a). However, by the 
definition of a regular pair, we also have {a,b) £ U, i.e., b £ U{a). Therefore, b £ N2{a), which is 
false, because bi ^ ai. 
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Remark 3.3. On the other hand, for any pair {x,y) G [/ n (S"^ x S^) (in particular, for any pair 
{x,x), where x G S^), there exists an n S w such that the pair is regular. Indeed, since 

U is open and the sets Nk{x) and Nk{y) form bases of neighborhoods of the points x and y, it 
follows that there exists an n € w for which 

Nn{x) X NM c U; 

this means that {xqXi . . . Xn-i(i,yoyi . . .yn-ib) € U for any a and b from Z, not only for those 
satisfying the condition from the definition of regular pairs. 

Lemma 3.3. Suppose that k > 0; x = xq . . . Xk-i, y = yo . . . yk~i G S''; the pairs {x\ 

m y\'n) with 

n < k are not regular; and there exists an uncountable set S' C S such that the pair {xz, yz) is 
regular for any z G S' . Then there exists a number I > 0, points Xk, ■ ■ ■ , Xk+i-i,yk, ■ ■ ■ , yu+i-i ^ S, 
and an uncountable set S" C S such that the pairs (xq . . . Xn, yo ■ ■ ■ Vn) with n < k + l are not regular 
and the pair {xq . . . x^+i-iz, yo ■ ■ ■ Vk+i-iz) is regular for any z G S" . 

Proof. Let C C L be an arbitrary closed unbounded set of limit ordinals. Take cq G C and zq E S' 
for which zq > cq. By assumption, the pair (xzQ^yzo) is regular; let /o be the corresponding 
regulator. Take ci G C such that ci > max{/o(0), zq} and zi G such that zi > ci. By 
assumption, the pair {xzi,yzi) is regular; let /i be the corresponding regulator. Suppose that we 
made n steps, i.e., chose ordinals c„_i G C and Zn-i G S' and a regulator fn-i- At the (n + l)th 
step, we take Cn & C and z„ G S' such that 

c„ > max{/„_i(0),z„_i} and z„ > c„, 

and choose a map fn witnessing the regularity of the pair {xzn,yzn). 

As a result, we obtain an increasing sequence of elements of C. Let c = sup{cn : n G lo}. We 
have c G C, because C is closed. Moreover, for any n G lo, the pair {xzn,yzn) is regular, is the 
corresponding regulator, and c + k > c > fn{0)- Therefore, if a G 5'^ is a sequence such that 

Oj > sup{/„((c+A;)a|j, {c+k)a\i) : n G w} for all i G lj, (1) 

then {xzn{c+k)a,yzn{c+k)a) G U. 

Recall that c = sup{c„ : n G a;} = sup{zn ■ n G a;}; thus, any neighborhood in Z x Z of any 
point of the form {xc{c+k)a,yc{c+k)a) contains the point {xzn{c+k)a,yzn{c+k)a) for some n. 
Therefore, if a sequence a satisfies condition (^, then 

{xc{c+k)a,yc{c+k)a) £ U = U. 

Clearly, the set of sequences a G satisfying ^ is full. 

Thus, any closed unbounded set of limit ordinals contains a point c € L for which there exists a 
full set Yc C 5'^ such that 

{xc{c+k)z,yc{c+k)z) G U for any z G Yc. 

Therefore, the set L' of such points c is stationary. 

Since U open, it follows that, for any c £ L' and z G Y^ there exists an n = n{z, c) > k + 2 such 
that 

Nn{xc{c+k)z) X Nn{yc{c+k)z) C U. 

For m £ uj and c G L' , we set 

Cm(c) = {z eYc'. n{z, c) = m}\m. 

For any c G L', using Lemma 13.21 and the definition of the neighborhoods of the form Nn{a), we 
can find an rric > and a full set Y^ C Yc\mc-k-2 such that 

{xn{c+k)za,yiy{c+k)zb) eU for any /i, i/ G Af^,^, z G y^'' and a, 5 G (2) 

Using the pressing down lemma, we choose a stationary subset L" of the stationary set L' such 
that 

Crric = P for all c £ L", 
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where /3 is a countable ordinal (here the Cn are the ordinals converging to c that are used in the 
definition of the sets -/Vf„(c) involved in the definition of the neighborhoods Nn{xc{c+k)z) and 



Suppose that the pairs {xx, yy) are regular for any x,y > P from S and fxy are the corresponding 
regulators. Then the pair (x, y) itself is regular: the corresponding regulator is defined by 



The pair {x,y) is not regular by assumption; hence there exist Xk,yk > P for which the pair 
{xxk,yyk) is not regular. 

If the pairs {xxk{c+k),yyk{c+k)) are regular for all c G L" such that c > Xk,yki then we can 
set I = 1 and S" = L" + k. Otherwise, we take c G L" for which c > x^, y^ > /?, and the pair 
{xxk{c+k),yyk{c+k)) is not regular. Condition @ implies 



The set Y^. is full; hence Yl.\i is uncountable. If the pairs {xxk{c+k)z,yyk{c+k)z) are regular 
for all z G then we have obtained what is required. Otherwise, we take zq G y^'li for which 
the pair {xxk{c+k)zQ,yyk{c+k)zQ) is not regular. Relation (jJJ implies 

{xxk{c+k)zQza,yyk{c+k)zQzb) G U for any z such that zqZ G and any a,b £ Z^^" . 

The set Y'^ is full and G l^cli! hence the set {z : zqz G l'ci2} is uncountable. If the pairs 
{xxk(c^^)zi^z^yyk{c+k)zi^z^ are regular for all ^; G such that z^z G Yl.\2, then we have obtained 
what is required. Otherwise, we continue the construction. Sooner or later, the procedure will 
terminate: we shall find either an n < — k — 4 such that the pairs {xxk{c+k)zQ . . . Zn-iz, 
yyk{c+k)zQ . . . Zn-iz) are regular for ah z with zq . . . Zn-\z G 1"^ U+i or • • • ^;mc-fc-4 G Uc-fc-a 
such that all pairs {xxk(c^k)zQ . . . Zrnc^k-A\n-,yVkis^^^^z^ ■ ■ ■ Zrnc-k-A\'n)-i where n < rric, are not 
regular. In the latter case, the pair 

{xXk{c+k)zo . . . Zm,-k~4Z, yyk{c+k)zQ . . . Zm,-k~iZ) 

is regular for any z such that zq . . . Zm^-k-^z G Y^ (and there are uncountably many such z, because 
Y^ is fuh) by virtue of ©. □ 

Take any point xq G Ct\i (the set Ct was defined before Remark 13. According to Remark 13. 11 
the pair (xq, xq) is not regular. If there exists an x G 5 for which the pair {xqx, xqx) is not regular, 
then we take this x for xi. Suppose that we have constructed a sequence xoXi...Xn-i G 5" 
such that the pairs {xqXi . . . xqXi . . . Xi-i) are not regular for any i < n. If there exists an 
X G for which the pair {xqXi . . . Xn-ix, xqXi . . . x^-ix) is not regular, then we take this x for 
Xn- The construction cannot be continued infinitely long (otherwise, we shall obtain a sequence 
X such that the pair {x\n,x\n) is not regular for any n £ uj, whose existence contradicts 

Remark l3.3() . Thus, sooner or later, we shall obtain a sequence xq • • . Xk-i G such that the pair 
(xqXi . . . Xj_i, XqXi . . . Xj_i) is not regular for any i < k but all pairs (xqXi . . . Xk-ix, xqXi . . . Xk-ix), 
where x G S, are regular. 

We set yo...yk-i = xo...Xk-i. Applying Lemma ESI to the pair (xq . . . Xk-i,yo . . . yk~i), we 
obtain a pair (xq . . . Xk'-i,yo ■ ■ ■ yk'-i) such that k' > k, the pair (xqXi . . . Xj_i, yo^i • • • Ui-i) is 
not regular for any i < k' , but all pairs (xqXi . . . Xk>-iz, yoyi ■ ■ ■ yk'-iz), where z belong to some 
uncountable set S' C S, are regular. Repeatedly applying Lemma rUH we shall extend the sequences 
in this pair. In the end, we shall obtain a sequence x,y G such that, for any n > 0, the pair 
{x\n,y\n) is not regular but there exists an m > n and an uncountable set Sm C S such that all 
pairs (a; I mZ,y\mz), where z G 5*^, are regular. 

Take any n (z uj and consider the neighborhood Nn{x) x Nn{y) of the pair {x,y) in Z x Z. 
Suppose that m > n and z £ S are such that the pair {x\mZ^y\mz) is regular. This means that 
{x\jnza,y\mzh) G U for some a,& G Clearly, ( x\mZClj y\m 

zh) G Nn{x) X Nn{y)- Thus, 



Nn{yc{c+k)z)). 





{xxk{c+k)za,yyk{c+k)zb) G U for any z G Y^ and a,b £ Z 



(3) 
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Nn{x) X Nn{y) n [/ 7^ for any n € and hence {x,y) ^ U = U. Remark 13.31 implies that the 
pair {x\n,y\n) must be regular for some n. This contradiction shows that U ^U. 

4. Concluding Remarks 

We have considered two metrizable spaces with noncoinciding dimensions, Mrowka's and 
Kulesza's, and shown that one of them can be embedded in a zero-dimensional metrizable group 
and the other cannot. The natural question arises: What properties of Kulesza's space obstruct 
its embedding into a zero-dimensional metrizable group? The most manifest difference between 
Mrowka's and Kulesza's spaces is that Kulesza's space is metrizable by a complete metric. This 
suggests the conjecture that a space metrizable by a complete metric can be embedded in a zero- 
dimensional metrizable group only if it is strongly zero-dimensional. This conjecture is based not 
only on purely formal grounds but also on some intuitive reasons; in this author's opinion, it is 
fairly likely. Even more likely is the following auxiliary conjecture: If {X, p) is a metric space 
with complete metric /?, Ap{X) is the free group of X metrized by the Graev extension of p, and 
uid Ap{X) = 0, then dimX = 0. 

It is also unclear how the dimension of metrizable groups behaves under completion^. It is only 
clear that the free and free Abelian groups with Graev metrics (as well as the metrizable groups 
of the form {A{X)^Tu) described in the first section, into which we can embed zero-dimensional 
metrizable spaces) are never complete; we can always construct a fundamental sequence consisting 
of words with unboundedly increasing lengths, which converges to no word of finite length.^ 

We conclude this paper with several questions. 

Problem 1. Is it true that if the uniformity generated by a metric p on a set X has a countable 
base consisting of open-and-closed sets, then the free (Abelian) group oi X metrized with the Graev 
extension of p is zero-dimensional? 

Problem 2. Does there exist a complete metric group with noncoinciding dimensions ind and 
dim? 

Problem 3. Is it true that any complete metric space which can be embedded into a zero- 
dimensional metrizable group is strongly zero-dimensional? 

Problem 4. Is it true that if {X,p) is a complete metric space with metric /), Gp{X) is the free 
(Abelian) group of X metrized by the Graev extension of p, and m.dGp{X) = 0, then dimX = 0? 

Problem 5. Is it true that if {X,p) is a metric space with metric p, Gp{X) is the free (Abelian) 
group of X metrized by the Graev extension of /?, and the completion of Gp{X) = is zero- 
dimensional, then dimX = 0? What if the metric p is complete? 

Problem 6. How large can the gap between the dimensions ind and dim of a metrizable group 
be? What values can the dimension dim of a metrizable topological group G with ind G = take? 

Problem 7. Let {vpQ[A),p) be Mrowka's space described in the second section with a metric 
p generating the uniformity with a clopen base described in the same section, and let be G the 
metrizable group with indG = into which vpq{A) is embedded by Theorem ll.il 

(a) Find dimG; 

(b) Find ind Gp(z^/io(^)) and dim G'p(z^/Uo(j4)), where Gp{vpQ{A)) is the free (Abelian) group 
of vpq{A) metrized by the Graev extension of the metric p. 



This question is difficult even for general topological spaces. Thus, Mrowka's space v^iq has a zero-dimensional 
completion under the continuum hypothesis [11]; however, Mrowka also proved that the assertion that the small 
inductive dimension of all metric completions of v^o is larger than zero is possibly consistent [11], i.e., it holds under 
a certain set-theoretic assumption whose consistency with ZFC is very likely. 

^More details on topologies on free groups (including the Graev metric topology) can be found in [17]. 
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